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Abstract. We review progress on hadron structure using lattice QCD simulations at or
near to physical values of the QCD parameters. In particular, we discuss recent results
on hadron masses, the nucleon charges, spin, gluon and quark unpolarized moments, the
axial charge of hyperons, and the pion unpolarized moment.
1 Introduction
Lattice QCD simulations have seen tremendous progress in the last decade. This enables us to com-
pute physical quantities more accurately but also to expand the range of observables that can be
extracted within the lattice QCD framework. Simulations with quark masses fixed to their physical
values, large enough volumes and small enough lattice spacings have become available for a number
of discretization schemes [1–7]. In Fig. 1 we show the status of recent simulations that include various
types of Wilson O(a)-improved, domain wall and staggered fermions [8] simulated at a physical value
of the pion mass and lattice spacing less that 0.1 fm where discretization errors for the light quark
sector are found to be small. Regarding finite volume effects in the figure we include only simulations
with mpiL
>∼ 3 for which volume effects are expected to be under control for most of the quantities
discussed here.
For any lattice QCD analysis systematic uncertainties need to be carefully investigated in order to
compare with experimental values. These comprise of: i) the finite lattice spacing a, where one needs
at least three values in order to take the continuum limit a → 0; ii) the finite spatial size of the lattice
L3 where at least three volumes are need to estimate the infinite volume limit L → ∞. Both these
lattice artifacts have been typically studied at larger than physical pion masses. For simulations using
the physical value of the light quark mass many results, especially beyond hadron masses, have been
mostly computed for one ensemble relying on assessing these systematics on the investigations done
at larger pion masses. These so called physical ensembles eliminate the need for chiral extrapolations,
which especially for the baryon sector, had in the past introduced systematic errors that typically
dominated other systematic errors. In addition, iii) the identification of the hadron state of interest,
which in particular for three-point correlators can introduce systematic errors due to higher states
contributions that have to be carefully investigated. While cut-off and volume effects require the
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Figure 1. A summary of recent simulations showing the value of the pion mass and the lattice spacing: Black
filled circles are from PACS using N f = 2 + 1 clover-improved fermions [1, 9], light blue filled circles from
BMW for N f = 2 + 1 clover-improved fermions with HEX smearing [2], yellow filled diamonds from MILC
using N f = 2 + 1 + 1 staggered fermions [3], magenta open circles from QCDSF using N f = 2 clover-improved
fermions [4], green filled circles from CLS using N f = 2 + 1 clover-improved fermions [6], blue filled squares
from RBC-UKQCD using domain wall fermions [5], red filled (open) circles from ETMC using N f = 2 + 1 + 1
twisted mass fermions (N f = 2 with a clover term) [7]. The size of the symbols is according to the value of mpiL
with the smallest value taken as mpiL ∼ 3 and the largest mpiL ∼ 6.7.
simulation of different gauge ensembles, excited state contributions is done during the analysis on
the same configurations. We note that the inclusion of disconnected quark loop contributions has
become feasible only recently eliminating an up to now uncontrolled approximation in hadron matrix
elements. In Fig. 2 we show the nucleon mass computed for various values of the lattice spacing a
and lattice volume. As can be seen, for a <∼ 0.1 fm cut-off effects are small and for L >∼ 3 there are no
visible volume effects at least for an ensemble with pion mass mpi = 450 MeV.
2 Hadron structure
The masses of the low-lying hadrons are well-studied with various discretization schemes using sim-
ulations summarized in Fig. 1 where the continuum limit and finite volume effects have been investi-
gated. The mass is extracted via the Euclidean correlation function
GH(~q, ts) =
∑
~xs
e−i~xs·~q 〈JH(~xs, ts)J†H(0)〉 =
∑
n=0,··· ,∞
AHne
−EHn (~q)ts ts→∞−→ AH0e−EH0 (~q)ts
~q=~0−→ AH0e−mH0 ts , (1)
where the interpolating field has JH the quantum numbers of the hadron H e.g. for pi+: Jpi+ (x) =
d¯(x)γ5u(x) and for the proton: Jp(x) = abc
(
ua>(x)Cγ5db(x)
)
uc(x). The limit ts → ∞ in conjunction
with the fact than the noise to signal increases with ts ∼ e(mH− 32mpi)ts for baryons, means that an optimal
time interval has to be identified for extracting the mass. Optimizing JH using smearing techniques
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Figure 2. Left: The nucleon mass versus a2 for N f = 2 twisted mass fermions (TMF) for various pion masses
in units of r0 = 0.44 fm (ETMC) [10]. Right top: Volume dependence of the nucleon mass for mpi ∼ 450 MeV,
N f = 2 + 1 Clover and a ∼ 0.12 fm (NPLQCD) [11]. Right bottom: Effective masses of baryons using N f = 2
twisted mass clover-improved fermions at physical pion mass [12].
to maximize its overlap with to the lowest state is essential in order to achieve early convergence.
Defining
aEeff(~q, ts) ≡ ln
[
GH(~q, ts)
GH(~q, ts + a)
]
= aEH0 (~q) + excited states
ts→∞−→ aEH0
~q=0→ amH0 (2)
we can extract the mass of the hadron H. Representative examples of the behavior of baryon effective
masses using simulations with a physical value of the pion mass is shown in Fig. 2.
The evaluation of hadron matrix elements requires the computation of the appropriate Euclidean
three-point function, Gµν(Γ, ~q, ts, tins) =
∑
~xs,~xins e
i~xins·~q Γβα 〈JαH(~xs, ts)OµνΓ (~xins, tins)J
β
H(~x0, t0)〉, and divid-
ing it by an appropriate combination of two-point functions such that, at large Euclidean times, the
ratio yields the matrix element of interest:
R(ts, tins, t0)
(tins−t0)∆1−−−−−−−−→
(ts−tins)∆1
M[1 + T1e−∆(p)(tins−t0) + T2e−∆(p′)(ts−tins) + · · · ], (3)
where M the desired matrix element, ts, tins, t0 is the sink, insertion and source times and ∆(p) the
energy gap with the first excited state.
2.1 Nucleon scalar, axial and tensor charges
The nucleon matrix element of the axial-vector operator O3A = ψ¯(x)γµγ5 τ
3
2 ψ(x) at zero momentum
transfer yields the well-known nucleon axial charge gA, measured in neutron β-decay. Because of
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the isovector nature of the axial-vector only connected contributions are non-vanishing in the isospin
limit. Having reproduced gA, the less known isovector tensor and scalar charges can be evaluated
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Figure 3. Lattice QCD results on the nucleon gA.
Due to the relative ease to compute gA and its ac-
curately measured value it has been studied ex-
tensively in lattice QCD as a benchmark quantity.
In Fig. 3 we collect results from various collabo-
rations. As can be seen, the value obtained using
simulations with a physical value of the pion mass
agrees with the experimental one, while for larger
pion masses it was underestimated by all groups.
This clearly demonstrates the importance of these
simulations.
using similar techniques. The corresponding currents are O3T = ψ¯(x)σµν τ
3
2 ψ(x) for the tensor and
O3S = ψ¯(x) τ
3
2 ψ(x) for the scalar operators. In Fig. 4 we collect results from various collaborations.
We note that the experimental value of gu−dT ∼ 0.54+0.30−0.13 resulting from a global analysis of HERMES,
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Figure 4. Left panel: The nucleon isovector tensor charge. Right panel: The isovector scalar charge.
COMPASS and Belle e+e− data [13], while a new analysis of COMPASS and Belle data yields gu−dT =
0.81(44) [14]. Given this large uncertainty, a lattice QCD determination can provide valuable input,
especially in view of plans to measure gT in the SIDIS experiment on 3He/Proton at 11 GeV at JLab.
The scalar charge shows large excited states contributions and a larger ts − t0 is required as compared
to e.g. gT in order to extract the correct matrix element. We found that ts − t0 >∼ 1.5 fm is needed for
convergence.
2.2 Axial charges of other baryons
Besides the axial charge for the nucleon, axial charges of other particles can also be computed. Many
of these are difficult or even not feasible to measure experimentally and lattice QCD can provide
valuable information on these couplings, which enter in chiral Lagrangians.
In Fig. 5 we show the SU(3) breaking parameter δSU(3) = gNA −gΣA+gΞA versus x = (m2K−m2pi)/4pi2 f 2pi
for the octet baryons. As can be seen, the SU(3) breaking is about 10%-15% at the physical point.
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Figure 5. The SU(3) breaking parameter δSU(3) for the octet (left) and the decuplet (right). Results are from
Refs. [12, 15].
The axial charges for the decuplet baryons are given in terms of one coupling constant in the SU(3)
limit leading to three relations. These relations are shown in the same figure and show no detectable
SU(3) breaking to the accuracy of our data.
2.3 Generalized Parton Distributions
Another set of observables that probes the structure of hadrons are Generalized Parton Distributions
(GDPs) measured in deep inelastic scattering. These are matrix elements in the infinite momentum
frame but factorization leads to a set of three twist-two local operators, namely the vector operator
Oµ1···µnVa = ψ¯(x)γ{µ1 i
↔
D µ2 . . . i
↔
D µn} τ
a
2 ψ(x), the axial-vector operator Oµ1···µnAa = ψ¯(x)γ{µ1 i
↔
D µ2 . . . i
↔
D
µn}γ5 τ
a
2 ψ(x) and the tensor operator Oµ1···µnT a = ψ¯(x)σ{µ1,µ2 i
↔
D µ3 . . . i
↔
D µn} τ
a
2 ψ(x). In the special case
where we have no derivatives these yield the usual hadron form factors, while for zero momentum
transfered squared q2 = −Q2 = 0 they reduce to the parton distribution functions (PDFs) yielding for
instance the average momentum fraction or unpolarized moment 〈x〉 in the case of the one-derivative
vector operator.
For a spin-1/2 particle, like the nucleon, the decomposition of the matrix element of the one-
derivative vector operator is given by
〈N(p′, s′)|OµνV3 |N(p, s)〉 = u¯N(p′, s′)
[
A20(q2)γ{µPν} + B20(q2)
iσ{µαqαPν}
2m
+C20(q2)
q{µqν}
m
]1
2
uN(p, s) .
(4)
Extracting A20 and B20 is particularly relevant for understanding the nucleon spin Jq carried by a quark
since Jq = 12
[
Aq20(0) + B
q
20(0)
]
as well as the momentum fraction 〈x〉q = Aq20(0).
Momentum fraction: In Fig. 6 we show 〈x〉u−d obtained in the MS scheme at µ = 2 GeV for the pion
and the nucleon. While volume effects are not statistically significant at larger than physical pion
mass where we have more than one lattice volume, at the physical finite volume effects have not been
investigated yet and they could be the reason for the small discrepancy with the experimental value
especially for the pion. For the nucleon, excited state contributions could be another reason, which is
being investigated.
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Figure 6. The isovector momentum fraction 〈x〉u−d for the pion (left) and the nucleon (right). The lattice QCD
results are from Refs. [7, 16]. The experimental values are from Ref. [17] and [18], respectively.
Nucleon gluon unpolarized moment: We have also computed the matrix element 〈N |O44 − 13O j j|N〉
at zero momentum, which yields directly 〈x〉g, where we considered the gluon operator Oµν =
−Tr[GµρGνρ]. We used HYP-smearing to reduce noise and perturbative renormalization. The analysis
was carried out using an ensemble of N f = 2 + 1 + 1 TMF with a = 0.082 fm, mpi = 373 MeV and
∼ 34,470 statistics [19] as well as with an ensemble of N f = 2 TMF plus clover, a = 0.093 fm,
mpi = 132 MeV and ∼155,800 statistics. We find 〈x〉g = 0.282(39) for the physical ensemble in MS at
µ = 2 GeV.
Nucleon spin: The nucleon spin can be written as 12 =
∑
q Jq =
(
1
2 ∆Σ
q + Lq
)
+ JG, where ∆Σq =
g
q
A. Disconnected contributions have been computed using O(150, 000) statistics for an ensemble of
N f = 2 + 1 + 1 TMF at mpi = 373 MeV [20], and for N f = 2 TMF with a clover term at mpi =
132 MeV [21]. In Fig. 7 we show TMF results for ∆Σq and Lq. At the physical point, we find a value
of Ju+d = 0.273(22) and Lu ∼ −Ld, while 12 ∆Σu+d = 0.229(20) and 12 ∆Σu+d+s = 0.211(21), where for
the first time, disconnected contributions are included at the physical point bringing agreement with
the experimental value.
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Figure 7. ∆Σu+d (left) and Lu,d (right) in the MS at 2 GeV using N f = 2 and N f = 2+1+1 twisted mass fermions.
Open squares include disconnected contributions from the u and d quarks, while the open diamond also includes
the strange quark contribution to ∆Σ.
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Direct evaluation of parton distribution functions - an exploratory study: We consider the matrix ele-
ment: q˜(x,Λ, P3) =
∫ +∞
−∞
dz
4pie
−izxP3〈P|ψ¯(z, 0) γ3 W(z)ψ(0, 0)|P〉h(P3,z) where q˜(x) is the quasi-distribution
defined in Ref. [22], which can be computed in lattice QCD. First results are obtained for N f = 2+1+1
clover fermions on HISQ sea [23] and for an N f = 2 + 1 + 1 TMF ensemble with mpi = 373 MeV [24]
for which we show results in Fig. 8 on the isovector distribution qu−d(x) for 5 steps of HYP smearing.
The matching to the PDF q(x) is done using
q(x, µ) = q˜(x,Λ, P3) − αs2pi q˜(x,Λ, P3)δZ
(1)
F
(
µ
P3
,
Λ
P3
)
− αs
2pi
∫ 1
−1
dy
y
Z(1)
(
x
y
,
µ
P3
,
Λ
P3
)
q˜(y,Λ, P3) + O(α2s)
(5)
Figure 8. Results on the unrenormalized q(x) for
5-HYP steps, P3 = 4pi/L from Ref. [24].
We note that: i) The calculation of the leading UV
divergences in q˜ perturbatively is done keeping P3
fixed while taking Λ → ∞ (in contrast to first taking
P3 → ∞ for the renormalization of q); ii) The renor-
malization procedure is still under study and thus here
we identify the UV regulator as µ for q(x) and as Λ for
the case of the quasi-distribution q˜(x). The dependence
on the UV regulator Λ will be translated, in the end,
into a renormalization scale µ after proper renormaliza-
tion; iii) Single pole terms cancel when combining the
vertex and wave function corrections, and double poles
are reduced to a single pole that are taken care via the
principal value prescription; iv) A divergent term re-
mains in δZ(1) that depends on the cut-off xc
3 Conclusions
Simulations at near physical parameters of QCD are beginning to yield important results on bench-
mark quantities such as the mass of the low-lying hadrons, the nucleon axial charge and the pion
decay constant. This well-established framework can thus be employed for predicting other quantities
probing hadron structure such as scalar and tensor charges, tensor moments, and σ-terms. Exploration
of new techniques to compute hadron PDFs, charge radii and electric dipole moments is on-going, as
well as, the development of techniques for resonances and for ab Initio Nuclear Physics [25]. This
thus represents a very rich program for zero-temperature hadron and nuclear physics and we expect
rapid progress in many of these areas in the near future.
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